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• Case Study 1:  Design a DFA that accepts all strings over 

the alphabet  = {0, 1} with an odd number of 1s. 

 

 

– The states of a DFA represent something the machine 

must “remember” about the input string. 

 

– Assume that several input symbols have already arrived.  

Upon the arrival of the next symbol, the machine does not 

have to remember the exact number of 1s it has received. 
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– Instead, it only has to remember two things: 

 

1. Whether the number of 1s in the input string at any 

point in time is odd. 

 

2. Whether the number of 1s in the input string at any 

point in time is even. 

 

– This implies that only two states are needed.  One to 

represent the fact that the current number of 1s is odd, and 

the other to represent even. 
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– The state in which the number of 1s is even will be 

designated as the start state. This is because while there is 

no input symbol yet, the number of 1s is zero (even). 

 

– Obviously, the “odd state” will be the final state. 

 

– Let these two states be: 

 

   q0 = current number of 1s is even. 

 

   q1 = current number of 1s is odd. 
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– Assume that the DFA is in state q0 (even): 

 

If it receives a 0, it remains in that state since the number of 1s is still 

even. 

 

If it receives a 1, it moves to state q1 since the number of 1s is now odd. 

 

 

– Assume that the DFA is in state q1 (odd): 

 

If it receives a 0, it remains in that state since the number of 1s is still 

odd. 

 

If it receives a 1, it moves to state q0 since the number of 1s is now 

even.  
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– The state diagram for the required DFA: 
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• Case Study 2:  Design a DFA that accepts all strings over 

the alphabet  = {0, 1} that contains the substring 011. 

 

 

– As in case study 1, the DFA to be designed does not 

have to remember each and every input symbol that 

arrives. 

 

 

– At any point in time, the DFA only has to remember 

whether the substring 011 has been encountered. 
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– The DFA would have to remember the following things 

(states): 

 

1. it has not encountered the first symbol of the substring 

so far. 

 

2. it has encountered the first symbol of the substring (0). 

 

3. it has encountered the first two symbols of the 

substring (01). 

 

4. it has encountered all three symbols of the substring 

(011). 
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– The state where the DFA had not yet encountered any of 

the symbols of the substring will be designated as the start 

state while the state where it had encountered all symbols 

will be the final state. 

 

– The DFA will have four states: 

 

1. q0 = the first symbol of the substring had not arrived. 

2. q1 = the first symbol had arrived. 

3. q2 = the first two symbols had arrived. 

4. q3 = all three symbols had arrived. 
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– Assume that the DFA is in state q0 (had not 

encountered first symbol in the substring): 

 

 

If a 0 arrives, it moves to state q1 since it had 

encountered the first symbol of the substring. 

 

 

If a 1 arrives, it stays in that state because the 

substring must start with a 0. 
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– Assume that the DFA is in state q1 (only the first symbol, 0, 

had been encountered): 

 

If a 0 arrives, it remains in that state.  Remember that 

a 0 had already been encountered.  The arrival of 

another 0 does not improve the search.  However, this 

newly arrived 0 can now be the new first symbol of the 

substring (the previous 0 may be forgotten). 

 

If it receives a 1, it moves to state q2 since the two 

symbols of the substring have already been 

encountered. 
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– Assume that the DFA is in state q2 (the first two symbols, 

01, had been encountered): 

 

If a 0 arrives, it goes to state q1. The arrival of this 0 

makes the substring 010.  The previous 01 would 

have to be forgotten and this newly arrived 0 can 

now be the new first symbol of the substring. 

 

If it receives a 1, it moves to state q3 since the three 

symbols of the substring (011) had already been 

encountered. 

DESIGNING DFAs 



Think Possibility 

– Assume that the DFA is in state q3 (the substring 011 had been 

encountered): 

 

The DFA will not change state upon the arrival of 

succeeding  0s and 1s since the desired substring had 

already been detected. 

 

– The state diagram for the required DFA: 
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• Case Study 3:  Design a DFA that accepts all strings over the 

alphabet  = {0, 1} that starts and ends with 01. 

 

– In this example, the DFA to be designed must be able to detect if 

the input string has a prefix which is 01 and a suffix which is also 

01. 

 

– The DFA to be designed should remember the following things: 

 

1. The state where it had not yet encountered the first symbol 

(0) of the prefix 01. 

 

2. The state where it had encountered the first symbol (0) of 

the prefix 01. 
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3. The state where it had encountered the two symbols 

(01) of the prefix 01. 

4. The state where it had already encountered the prefix 

01 and it had encountered the first symbol (0) of the 

suffix 01. 

5. The state where it had encountered the prefix 01 and 

the two symbols (01) of the suffix 01. 

6. The state where the input string did not start with the 

prefix 01.  If the string did not start with a 01, then it 

would be useless for the DFA to determine if it would 

end with a 01. 

DESIGNING DFAs 



Think Possibility 

– The DFA will have 6 states: 

 

1. q0 = the first symbol of the prefix 01 had not arrived. 

2. q1 = the first symbol of the prefix 01 had arrived. 

3. q2 = the two symbols of the prefix 01 had arrived. 

4. q3 = the two symbols of the prefix 01 had been 

received and the first symbol of the suffix 01 had 

arrived. 

5. q4 = the two symbols of the prefix 01 had been 

received and the two symbols of the suffix 01 had 

arrived. 

6. q5 = the input string did not start with the prefix 01. 
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– Assume that the DFA is in state q0 (the first symbol of 

the prefix 01 had not arrived): 

 

If a 0 arrives, it moves to state q1 since it had 

encountered the first symbol of the prefix. 

 

If a 1 arrives, it goes to state q5 since it is now 

impossible for the input string to start with the 

prefix 01. 
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– Assume that the DFA is in state q1 (the first symbol of 

the prefix 01 had arrived): 

 

If a 0 arrives, it moves to state q5 since it is now 

impossible for the input string to start with the 

prefix 01 since the first two symbols received are 

00. 

 

If a 1 arrives, it goes to state q2 since the two 

symbols of the prefix 01 had been received. 
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– Assume that the DFA is in state q2 (the two symbols of 

the prefix 01 had arrived): 

 

If a 0 arrives, it moves to state q3 since this newly-

arrived zero can potentially be the start of the 

suffix 01. 

 

If a 1 arrives, it stays in this state since the suffix 

01 is still to be detected. 
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– Assume that the DFA is in state q3 (the two symbols of 

the prefix 01 had been received and the first symbol of 

the suffix 01 had arrived): 

 

If a 0 arrives, it stays in q3.  By this time, the last 

two symbols received are 00.  The newly-arrived 0 

can now be the first symbol of the suffix 01 while 

the previous zero may be forgotten. 

 

If a 1 arrives, it moves to state q4 since the prefix 

01 had been received. 
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– Assume that the DFA is in state q4 (the two symbols of 

the prefix 01 had been received and the two symbols of 

the suffix 01 had arrived): 

 

If a 0 arrives, the previous two symbols (01) is not 

the true suffix of the input string.  This newly arrived 

0 can become the first symbol of the potentially true 

suffix.  The DFA therefore moves to state q3. 

 

If a 1 arrives, the previous two symbols (01) is not 

the true suffix of the input string.  The DFA goes to 

state q2. 
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– Assume that the DFA is in state q5 (the input string did not 

start with the prefix 01): 

 

 

The DFA will not change state upon the arrival of 

succeeding  0s and 1s since the string did not start 

with the prefix 01.  It is now useless for the DFA to 

track the arriving symbols because the string will not 

be accepted anyway. 
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– The state diagram for the required DFA: 
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