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• Definition of Regular Expressions 

 

– A regular expression is another tool that can describe 

regular languages. 

 

– The three operations on languages described earlier are 

also used in the construction of regular expressions. 

 

– For example, the regular expression 0 (01)* describes a 

language composed of strings that start with 0 followed 

by 0 or more concatenations of 01. 
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• Formal definition 

 

– A regular expression over a given alphabet  is 

constructed using the following rules: 

 

1. ε (the empty string) is a regular expression. 

 

2. (the empty language) is a regular expression. 

 

3. Every symbol x in  is a regular expression. 
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4. If R1 and R2 are regular expressions: 

 

a. R1 + R2 (the union of two regular expressions) is a 

regular expression. 

 

b. R1R2 (the concatenation of two regular expressions) is 

a regular expression. 

 

c. R1* (the star of a regular expression) is a regular 

expression. 

 

– Anything that is constructed without following any of the 

above mentioned rules is not a regular expression. 
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– Regular expressions can use parentheses to enforce 

precedence. 

 

 If there are no parentheses, evaluation is done in the 

precedence order: star, then concatenation, then union. 

 

 For example: 

 

 0(01)* is a language composed of strings that start with a 

0 followed by zero or more concatenations of 01. 

 

 001* is a language composed of strings that start with a 

00 followed by zero or more concatenations of 1. 
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– If R is a regular expression, the language denoted or 

described by R is written as L(R). 

 

 Example: 

 

  If R = (00)* then 

 

L(R) = {ε, 00, 0000, 000000, …} 

 

– Take note that Rk is the notation used to denote k 

concatenations of R.  For example, if R = 00, then R2 = 

0000.  Obviously, R0 = ε. 
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– Assume  is an alphabet.  can also be considered as a 

regular expression that describes the language consisting 

of all strings of length 1 over this alphabet. 

 

 In other words, if  = {0, 1}, then  as a regular 

expression is equivalent to (0 + 1), the language 

composed of strings which are either 0 or 1 only. 

 

 Hence, the regular expression  *, which is equivalent to 

(0 + 1)*, denotes the language composed of all possible 

strings of 0s or 1s. 
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– Recall that R* denotes all strings that are 0 or more 

concatenations of strings generated by R.  This of course 

includes the empty string ε. 

 

 The notation R+ will now be used to denote all strings that 

are one or more concatenations of strings generated by R.  

This excludes the empty string ε. 

 

 R* is then related to R+ by the expression 

 

    R* = {ε}  R+ 
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– Some examples: 

1. R = 1*01* 

L(R) = {w  w contains exactly one 0} 

2. R = (0 + 1)*1(0 + 1)*  

L(R) = {w  w contains at least one 1} 

3. R = (0 + 1)* 111 (0 + 1)*  

L(R) = {w  w contains the substring 111} 

4. R = (00)*(11)*1 

L(R) = {w  w is composed of an even number of 0s 

followed by an odd number of 1s} 

5. R = ((0 + 1) (0 + 1))*  

L(R) = {w  w is a string whose length is even} 
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6. R = ((0 + 1) (0 + 1)(0 + 1))*  

L(R) = {w  w is a string whose length is a multiple of three} 

 

7. R = (01+)*  

L(R) = {w  w has every 0 followed by at least one 1}. 

 

8. R = (0+1)*00(0+1)* 

L(R) = {w  w has at least one pair of consecutive 0s} 

 

9. R = (1*011*)*(0 + ε)+1*(0 + ε) 

L(R) = {w  w has no consecutive 0s} 
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